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FREE ELECTRON THEOR[ES OF SOLIDS -
dependent and is given by Eq. 23.6. 

1 2 3 
"ImuRJ'vlS = "Ikn T 

Therefore 

3knT) 1/2 
U1UviS = - ( m 

which shows that UR..!\1S increases proportionally to the square root of the temperature. 

Ifwe assume that the change of URMS with temperature is much larger than the change 

of l, we may write 

r = - ---:-=C:: y/2 
Substituting this into the equation for a, Eq. 23.14, we find that the temperature 

dependence of the electrical conductivity should be proportional to the reciprocal of 

the square root of the temperature 

a ()( T - 1/ 2 

Thus, the CFE model predicts the incorrect temperature dependence of a, which 

experimentally is a ()( T- 1. 

QUANTUM - MECHANICAL FREE ELECTRON23.3 MOD t (QMF E) 

Many of the difficulties encountered by the classical free electron model were removed 

with the advent of quantum mechanics. In 1928, A. Sommerfeld modified the free 

electron model in two important ways: 

The electrons must be treated quantum mechanically. This will quantize the energy 


spectrum of the electron gas. 


The electro11S muff obey Pauli)s exclusion principle; that is, no two electrons can 


have the same set of quantum numbers. 


As a result of these modifications, when we put an electron gas in a solid, we 

begin by putting the electrons in the lowest energy states available, while obeying 

the exclusion principle, until we have used all the available electrons. This is to be 

contrasted with the classical free electron gas in which the electrons can assun'le 

continuous energy values, with many electrons having the same energy. This has 

profound implications for the statistical distribution ofenergies (the average number 

of electrons having acertain energy E) that the electrons GU1havc. Thus, whereas 

as 
tut 

SLlI 

aS1 

ga 

2: 

If 
Vi 

th 
IS 

b; 

aI 

B 

fi. 
Sl 

it 

1I 

11 

(: 

1 

Arnold Sommerfeld (1868- 1951) 



QUANTUM-MECHANICAL FREE ELECTRON MODEL ( QMFE) 

a classical gas will obey Maxvvell-Boltzmann statistics (Supplement 9-1, Chapter 9), 

the quantum-mechanical gas will follow a new type of statistical distribution known 

as the Fermi-Dirac distribution (Supplement 23-2 at the end of this chapter). This in 

turn will affect the way the electron gas can absorb energy from an external source, 

such as a heat source, and the way it responds to an electric field. 

Aside from these two key modifications, Sommerfeld kept most of the 

assumptions of the Drude model: 

The valence elearons are free to move through the solid. 


Aside from collisions with the ions, the elearostatic interaaion between the electrons 


and the lattice ions is ignored. 


The interaction between the elem-ons is also negleaed. 


Essentially, the valence electrons retain the main features of an ideal gas but a 

gas that must be treated quantum mechanically rather than classically. 

23.3a. Three-Dimensional Infinite Potential Well 

Ifwe want to treat a free electron gas quantum mechanically, the first question to ask is: 

What is the potential1 in which the electrons find themselves? We can start by noting 

the empirical fact that there areno electrons beyond the boundaries ofthe metal. There 

is some force keeping the electrons inside. This might be a large electrical potential 

barrier at the boundaries. And what about inside? How will the potential energy of 

an electron vary in the presence of the great number of ions and other electrons> 

Because we have decided to neglect interactiori.s with ions and other electrons in this 

first approximation, the potential enngy inside will be uniform. These are, of course, 

sweeping assumptions, but the model works to a great extent. vVe will improve on 

it later. For now, let us consider the case of a uniform potential energy inside and an 

infinite potential energy at the boundaries of the solid so that no electrons can escape. 

We have previously solved in Chapter 20 the problem of a particle that finds 

itself in a potential well in which the potential energy Ep(x) is given by the condition 

(see Fig. 23-8), 

for 0 > x > a 

for 0:::: x:::: a 

The Schrbdinger equation inside the well was given by Eq. 20.18. 

pi d2 X 
---= Ex2m dx2 . 

1. As indicated in Chapter 20 (Section 20.2), the potential energy is often referred to as me 
potemial. 

0'--____----' 
x ~ 0 x = a 

One-dimensional 

infinite potential well of width a. 
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or 

where 

/ 2mE 
k=\ ~ 

The solutio ns for X were X = B sin/lx, Eq. 20.23, inside and X = 0 outside. "Vhen 

.the boundary condition X = 0 at x = a was imposed, a restrict ion on the acceptable 

va lues of r~ and hence ofE was found: Eqs. 20.24 and 20.26 

T[ 

kIt =n- wheren = 1,2,3, ... 
a 

and, correspondingly, 

2h2 
) T[ 

En = n~ 2ma2 .. .:: 

The extension of the problem to three dimensions, that is, a particle moving in an 

arbitrary direction in a three-dimensional w1iform potential weU of infinitely high 

potential walls, is rather straightforward. Because each coordinate is at right angles to 

the others , their derivatives arc independent. The Schrodinger equatio n in this case 

becomes 

2 2 2 _~ {a X a X a X } _ E 
2m ax2 + ay2 + az2 - X 

Althollgh trus is a more complex partial differential equation, the solution may be 

read ily fOtU1d by the separation ofvariables method that we have seen previously (see 

Section 20.2d); that is, we assume a solution of the form 

When we substitute Eq, 23,19 into Eg, 23,18, we obtai.n three ordinary differential 

equations fo r XI, X2, and X3, each identical to the one-dimensional case ; that is, the 

solutions for XI, X2, and X3 wiU be of the form X = B sin h (Eg. 20,23). Therefore, 

the solutions for X (x,y, z) wiU be 

where 

As before, when the boundary conditions x(x,y,z) = 0 for x = a,Y = a, and z = a 

are imposed, we obta in 

T[ 

hI =711- whe-reJ1I = l,2,3",. 
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QUANTUM-MECHANICAL FREE ELECTRON MODEL (QMFE) 

7f 
k2 = n2  where n2 = 1,2,3, ... 

a 

7f 
k3 =n3 - where 11-3 = 1, 2,3, .. . 

a 

And just as in the one-dimensional case, the energy ofthe electrons becomes quantized 

but with three quantum numbers specifying the state: 

23.3b. Occupancy Conditions at T = 0 K 

One important result from having three quantwl1 numbers to specif)r the energy is that 

there may be degenerate states (states having the same energy but different quantum 

numbers). The lowest energy available will be for n) = 1,11-2 = 1, and rl3 = 1, which 

we represent in simplified notation as the (1, 1, 1) state. The energy of this state is 

E = 3 Eo , where Eo = 7f2jj2 /2ma2 . It is nondegenerate. The next higher energy level 

is (2, 1, 1) or (1 , 2, 1) or (1, 1, 2) for which E = 6Eo. It is a threefold degenerate 

level. The next one is (2 , 2,1) or (2,1 , 2) or (I, 2, 2),E = 9 Eo, and so all. Asummary 

of the first fevv levels is shown in Fig. 23-9. 

Let us now consider, for simplicity, an electron gas made up of34 electrons. At 

absolute zero (T = 0 K) the gas will tal<e the lowest energy available to it. 

Classically, because we know that the average energy ofeach electron is 3/ 2 kB T , 
the average will be zero, and because the kinetic energy is always positive, this implies 

that each electron will have exactly zero energy. 

Qua.ntum mechanically, the story is quite different. To begin with, E = 0 is not 

an allowed energy state . The solution of the three-dimensional potential well gives the 

lowest energy state available as E = 3 Eo. We may be tempted to put all 34 electrons 

ofour hypothetical gas in that State as the ground state. But this would violate Pauli 's 

exclusion principle (Section 21.7a), and therefore this arrangement is not possible. 

Let us see how we obtain the ground state for our gas of 34 electrons. In the 

state E = 3 Eo we can put two electrons: They will have the same set of quantum 

numbers, i't), rl 2, n 3, but their spins must be of opposite sign; one will have m , = ! 
and the other tn, = -!. In the state E = 6 Eo, we can put SL,( electrons: twO in the 

(2, I, 1) state - these two electrons wiU have different spins; two in the (1, 2, 1) state 

with different spins; and finally two in the (1, 1,2) state-again these two electrons 

will have different spins. In E = 9 Eo, we can place six more electrons. In E == 11 Eo, 
we can place six more electrons. In E = 12Eo, we can place only two because the 

energy state lS nondegenerate. In E = 14Eo, we can place 12 electrons, two in each 

of the SL'( degenerate states. Ali 34 electrons have been placed in the lowest energy 

config1.lration. The ground state of the gas is one in which the electrons have energies 

that range between 3 Eo and l4 Eo. We can state rrlis fact as a probability statement: At 

F(E) 

O~----------~------+E
Ep 

Fermi-Dirac 

distribution function at T = 0 K. 
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bsolute zero temperature the probability that a level below 14 Eo will be occupied is 

. The probability that a level above 14 Eo will be occupied is 0 (all levels are empty). 

'he highest filled energy level is called the Fermi energy at absolute zero temperature, 

:F (0). In our example EF(O) = 14 Eo. 

This probability statement is a particular case of the new type of energy 

istribution function that must be used to describe a quantum mechanical gas obeying 

1e Pauli exclusion principle; it is known as the Fermi-Dirac distribution ftmction F(E ) 
Fig. 23-10). F(E) is the probability that a state with energy E is occupied by an 
lectron. At T = 0 K 

for E > EF 
F(E) = { ~ 

for E < EF 

Let us attack a practical and important problem. We have considered, for ped

gogical reasons, a gas made up of 34 electrons. How do you determine occupation 

:vels when you have a gas of 1028 electrons/m3, which is the problem that we face? 

'he two important questions are: How do we determine EF for a large number of 

lectrons? How do we find how many electrons we can place within a certain energy 

mge 6.E? 

3.3c. Calculation of EF at T = 0 K 

'0 determine the two quantities just mentioned without counting, we can use a 

:andard trick of physics. Let us construct a lattice in n-space; that is, let us have a set 

f three mutually perpendicular a;xes. Let one of the axes correspond to n), the others 

) 112 and 1'13 (see Fig. 23-11). Let us plot a point for each integral value of"),1'12, and 

3. In so doing we will get a w1iform three-dimensional array of points. Each point 

1 the array corresponds to a particular allowed value of the energy (corresponding 

) a particular set of quantum numbers nl, n2, n3)' There are twO facts that we must 

eep in mind . 

In a uni t of volume of this n-space there is only one point. That is, we can fill the 

whole space with 1 x 1 x 1 cubes in such a way that there is one point at the 

center of each cube. 

As we have seen in our early example, although each point has a different set of 

quantum numbers I'll, n2, n3, some of the points correspond to states with the 

same energy (they are degenerate). How do we identify them? 

Suppose that we write the energy, Eg. (23.20), as follows: 

E = Eo (ni + n~ + n~) = Eo n 2 

'here 

Scheme to 


represent the allowed energy states 


of an electron in a th ree-dimensional 


infinite potential well. The ;Lxes 


correspo nd to the three quanrum 
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vVe can identifY the degenerate states by understanding the geometric significance of 

11, which is nothing else but the distance (in n-space) from the particular point to the 

origin; that is , the three-dimensional pythagorean formula with nl, n2, and n3 as the 

distances instead of the usual x, y, and z. Consequently, with a li trle thought we can 

conclude that points equidistant from the origin correspond to degenerate states. In 

addition, we see from Eq. 23.22 that the farther away from the origin a given point 

is, the higher the energy of the state represented by that point. 

We can now proceed to answer the question: vVhat is the EF for a gas of 1028 

electrons/m3 ) Because EF (0) is the highest occupied energy level at T = 0 K, "ve can 

write 

EF (0) = Eon} 

where 1'tf is the distance of the occupied points farthest away from the origin. These 

points, being equidistant from the origin, lie on a spherical sheU of radius 1'tf (see 

Fig. 23-11 ). Because only posi.tive values ofn are permitted, only the positive octant 

of the sphere is used , which is one-eighth of a whole sphere. All points inside that 

shell are occupied by two electrons (corresponding to the two possible values of the 

spin). Therefore, we may write that 

Total number of electrons in the octant = 

(2) x (one-eighth the volume of a sphere of radius 11f) 

x (number of points per unit volume) 

But we can write that the totalmunber ofelectrons is tl1e number N offree electrons 

per unit volume ofreal space times the volume oftl1e three-dimensional weU, a3 . Thus, 

3
Na = (2) (~ x ~][nJ) (1) 

Solving for nf from Eq. 23.24, we obtain the value for n/ 

C:a3 
nf = ) l/ 3 

and, substituting this value of 1'1( and Eo = ][2h2/ 21na2 into Eq . 23.23 , we obtain 

h2 
][2 (3Na 3 

)2/3
EF(O) = -- -

2ma2 ][ 

We may algebraically simplifY this equation to 

h2 
EF (0) = - (3N ][2 )2/3 

2m 

This expression is the approximate value of the Fermi level in a solid at .absolute zero 

temperature. All that is needed is N, the density of the free electrons'
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We showed in Example 23-1 that the number of free electrons in copper is 8.4 x 

1028 dectrons/m3 (a) Calculate the Fermi energy for Cu. (b) At what temperature 

Tf will the average thermal energy ks Tf of a gas be equal to that energy) 

(a) Substituting for the different parameters in Eq. 23.25, we obtain 

(1.05 x 10-34 J-sec)2 3EF (0) = 0 31 k x (3 x 8.4 x 1028 m- x 7[2)2/3
2 x 9.1 x 1 - g 

= 11.1 X 10- 19 J= 6.95 eV 

(b) We can equate this energy to hs Tf to find the temperature at which the 

average thermal energy would be equal to the Fermi energy of Cu. 

19 
T = EF (0) = 11.1 x 1O- J = 80 500K 
f hs 1.38 X 10- 23 J/K ' 

This result iUusrrates the profound changes introduced by the QMFE model. 

For a classical electron gas to have thermal energies similar to those that a 

quantum mechanical electron gas has at T = 0 K, the temperature of copper 

should be about 60 times higher than its melting temperature, 1356 K. 

23.3d. Density of States 

In our previous discussion, we have seen that the energies that an electron can talee 

in a solld form a discrete quantized spectrum, the separation between adjacent levels 

being (Eq. 23.20) 

fj27[2 
6.E ~ --

2n'ta 2 

If we take a macroscopic sample, for example, a 1cm, we may calculate the 

approximate energy difference between levels 

10-34 
AE = (1.05 x J-sec)2 7[2 06 1 -33 
u '? =.xO J2 x 9.1 X 10- 0 \ kg x (10-- m)2 

=4xlO-15 eV 

We have seen in Example 23-2 that the Fermi energy for copper is 6.95 eV For 

most metals, EF is of the same order ofmagnitude. From Eg. 23.26, we conclude that 

u1e electrons in a solid occupy very closely spaced levels starting from very close to 

E = 0 e Vall the IVa), up to several electron volts. Thus, although the energy spectrum 

is quantized, the energy separation bwveen adjacent levels is so small that we often 

use the term quasicontiiwous to describe the electronic energy spectrum of a solid. As 
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~ a:IQiU1L, even in a microscopically small energy interval dE there are many discrete 

states. We can therefore introduce the concept ofdensity ofenn;gy states, which 

simplify calculations considerably. Letg(E) dE be the number of energy states 

.1'4l'HLV~~ with energy between E and E + dE. Going back to our lattice in n-space, 

we consider an octant of a spherical shell of radius n and one of radius n + dn (see 

Fig, 23-12). All the states between these two octants have energies that range between 

Bs:: n2Eo and E + dE = (n + dn)2 Eo, Eq. 23.22. We choose dn so that dE is small, 

but because of the quasicontinuous nature of the spectrum, there are a large number 

Of points within the octant shell. The density of energy states may be calculated in 

the following way. 

U[E)dE = (2) (volume between the octant shells) 

x (number of points/unit volume) 

where 2 is for the two allowed spin orientations. 

2g(E) dE = (2) (~ x 4nn dn) (1) 

(23.27) 

We can expressg(E) in terms of the energy E instead of the state number n by making 

use ofEq. 23.22, E = n2Eo , or 

n = (:J 1/ 2 

Differentiating n with respect to E gives 

E-I /2 1 ( 1 ) 1/2
dn = -- dE = - - dE 

2EIo/2 2 EEo · . 

. Substituting for nand dn into Eq. 23 .27, we obtain 

g(E) dE = ~El/2dE 
22E3/o 


or 


g(E) dE = CE 1
/
2dE (23.28) 

where 

C=_n_ 
22Eo 

3/ 

~.Using the result from Eq. 23.20 that 
...i... " ," 

, ' ,- :.-v ... ; 
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the constant C has the value 

a3(2m)3 /2 
(23.29)C = 2h3n2 

A plot ofg(E) versus E is shown in Fig. 23-13. It is seen that the number of energy 

states g(E) in an energy range dE increases with increasing energy. Althoughg(E) 

gives the number of energy states available as a function ofE, it does not tell us the 

number of electrons occupying those states. To obtain this, we must multiplyg(E) 

by the probability that a given energy state is occupied. This probability is given by 

the Fermi-Dirac ciistribution function, F(E) (see Eg. 23.21) . If we define N(E) dE as 

the number of electrons with energy between E and E + dE, then 

N(E) dE =g(E)F(E)dE (23.30) 

Because at T = 0 K, F(E) = 1 for E < EF and F(E) = 0 for E > EF, Eg. 23.21, a 

plot ofN(E) versus E wiJllook like that shown in Fig. 23-14. 

EXAM PL E 23-3 


Calculate the average energy per electron in a metal at T = 01(. 


SOlll tion We can use the standard method for the calculatiofl of averages. 

That is, we take each value ofE and multiply it by the number of electrons having that 

energy. We then add this product over all possible values of E and ciivide the result 

by the total number of electrons. In this case, the sum becomes an integral because E 
varies quasi continuously. 

100 

E(T = 0) = - 1- N(E)EdE
NTor:u 0 

Substituting for N(E), Eg. 23.30, 

E(T = 0) = _1_ rEF CE1/2 EdE 

NTotal 10 


_ ~~E5/2 
- 5 NToral F 

After substituting for C, Eg. 23.29, EF , Eq. 23.25, and NToral = Na 3 , whereN is the 

number of free electrons per unit volume, we obtain 

- 3 
E(T = 0) = -EF (23.31) 

. 5 

23.3e. Energy Distribution of Ele<:trons for T > 0 K 

So far we have confined our discussion concerning the energy distribution of the 

electrons to the case where T = 0 K As we have-seen, at T = .0·K,the electrons, 

g(E) 

-
~-------------------'E 

FIGURE 23-13 Density of 

states -that is , the number ofenergy 

states available to the electrons in a 

solid-as a function of the energy E. 

ME) 

L-________~L-----~E 

EF 

FIGURE 23-14 Energy 
distribution of the electrons in a 

solid at T = 0 K, that is, number of 
. electrons having a certain energy E, 

as a function of the energy E. 
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seeking the lowest energy states available to them, occupy all the states below EF, 

whereas the states above EF remain empty. 

What happens if the temperature is raised to some finite value ofT? When an 

amount of thermal energy of about kB T is available to the electrons, they will try to 

move to higher energy states. But this is not possible for all the electrons. Because 

the energy available is of the order kB T, the electrons can jump to higher states lying 

up to kB T above the states they occupied at T = 0 K. For ordinary temperatures the 

thermal energy is much smaller than the Fermi energy (for example, at T = 300 K, 

kBT = 0.025 eV as compared with EF being a few electron volts). The result is that 

only electrons whose energy is within a range kB T below EF can make transitions to 

higher energy levels. There are lots ofempty levels above EF . On the other hand, those 

electrons whose energy lies below EF by an amount much greater than kB T cannot 

jump to higher energy levels because these levels are occupied by other electrons and 

the Pauli exclusion principle prevents multiple occupancy. We can say that roughly 

only the fraction kB T of the total number of electrons can be thermally excited to 

higher levels. Because kB T « EF , this represents a very small fraction . .As a result, the 

probability ofoccupancy F(E) for temperatures below the melting point of the solid 

does not differ greatly from that at T = 0 K. 

The exact mathematical expression (derived in S u pplemen t 23.2 of this cha pter) 

for the probability ofoccupancy ofan energy state E reflects the qualitative argument 

presented here and is called the Fermi-Dirac distribution . The expression is 

1 . .,. 
.:."- " ,

F(E) = (E - EF). 
exp I0;T + 1 

Note that ifT = 0 K and E < EF , Eq. 23.32 becomes equal to unity: 

1 
F(E) = . = 1 

exp ( - .60E) + 1 

In contrast, ifT = OK butE > EF , Eq. 23 .32 is equal to zero: 

1 
F(E) = (M) = 0 

exp 0 + 1 

We can also verify that if E ~ EF -kBT, thenF(E) ;:::::: 1. As an example, tl1e probability 

of occupation for the state E = EF - 2kBT is 

. 1 
F(E) = = 0.88 

exp( - 2) + 1 
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which is not very different from the value 1 at T = 0 K. Similarly, for E = EF +2kB T 
the probability of occupation is 

F(E) = 1 = 0.12 
exp(2) + 1 

A sketch of the effect of temperature on the Fermi distribution is shown in Fig. 23

15. At temperatures above zero there is a symmetric shift of electrons with energies 

slightly below EF to states slightly aboveEF) as seen in Fig. 23-15. 

The Fermi-Dirac distribution gives a new definition of the Fermi level: EF is the 

ene1JJY at which the probahility that the state be occupied is 1/2. This can be seen by setting 

E = EF in Eq. 23.32. 

1 1 1 
-

F(E =EF) = (EF - EF) eO + 1 2 
exp kET + 1 

For all T's except extremely high T's, EF is essentially the same as EF (0). An 
exact calculation ofEF(T) yields: 

2 
EF(T) ~EP(O) / 1 - n ( kBT )2)

12 EF (0) 

where the second term is small compared with unity. 

23.3f. Failures of the CFE Model Revisited 

Let us now return to the two difficulties encountered by the CFE model that we 

discussed in Section 23.2c. 

23.3f.l. Specific Heat 

The classical free electron model failed to predict correctly the molar electronic specific 

heat Cu ' According to the CFE model (Section 23.2c) 

3 
Cu = 2R 

whereas experimentally (Eq. 23.17) 

Cu = 1O-4 RT (23.17) 

The heat required to increase L).T.the temperature of 1 mole of electrons is . 

Heat = Cu L). T 

This heat input goes into increasing the internal energy of the electrons by L).E 

F(EJ 

kBT 
I I 

T=OK ~T>OK 
Ep E 

FIGURE 23-15 Comparison of 

the Fermi-Dirac functi on at T = 0 K 

and at T > 0 K. The probability of 

occupation changes only for energies . 

such that E - EF "" kBT. At room 

temperature, k8T « EF , and the 

function is barely changed. 
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or 
6.E 

Cu = - (23.33)
6.T 

This expression for Cu is correct only if Cu is constant, that is, independent of T. 

If it is not (as we know to be the case here), the expression holds only when all the 

quantities involved in the definition are infinitesimally smaJl. 

To obtain an expression for Cu(T), we write the energy per mole as a function 

of T and differentiate with respect to T. This energy can be calculated exactly by 

using the density of statesg(E) and the probability ofoccupancy F(E). Although this 

calculation can be done for T greater than 0 K, in practice it is a rather messy thing 

to do. We can get a good estimate of the value ofE for thermally excited electrons by 

using a qualitative argwnent similar to the one we used before. At T = 0 K the average 

energy per electron is 3/5 EF (0), Eq. 23.31. The energy ofone mole ofelectrons, that 

is, N A electrons wiU be 3/5 N A EF (0). At a temperature T, only those electrons near 

EF can be excited. As we saw, for an electron with E = EF - 2kB T, the probability of 

occupation was 0.88 at T = 300 K, whereas it was 1 at T = 0 K. This means that the 

probability of being excited to higher levels is 0.12. For those electrons deeper down, 

the probability of excitation is essentiaJly zero. As we indicated in Section 23.3e, we 

can assume as a rough estimate that only the fraction kB T/EF of the total nwnber of 

electrons is able to gain thermal energy, and therefore , the nwnber of electrons that 

can be excited isNA kB T/EF. The additional internal energy 6.E gained by the electron 

gas when T is increased from 0 to T is therefore 

6.E = (number of excited electrons) x (average energy gained) 

Ifwe assume that the average energy gained per electron is kBT, we may write 

Consequently, 

3 k~NA 2
E= -NAEF+ - - T

5 EF 

and from Eq. 23.33 , in the case where 6.E and 6. Tare infinitesimaJly smaJl, 

_ dE _ 2k~NA T 
C, - dT - EF 

Or, if we use the fact that ksNA = R, we obtain 

2kB ,
C" = -Rl (23.34 )

EF 

If we take EF at about 5 eV, a fairly typical value, then 

2 x 1.38 X 10-23 I/K ~ 10-4 K- 1 

5eV x 1.6 x 10-19 J/eV . 
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and 

which is in agreement wIth the experimental results, Eq, 23,17, 

It is instructive to ex,unine the details of the calculation of specific heat and 

try to understand why the quantum mechanical model succeeds whereas the classical 

one does not, In the classical model all the electrons are able to gain the thermal 

energy offered to them, The number is latge and constant, In the quanrum mechanical 

model, as a result of Pauli's exclusion principle, only the fraction k/IT/EF can gain 

energy, Because kll T « EF for the temperatures at which a solid remains solid, this 

is a small fraction of the total number of electrons and, moreover, the contribution 

to the specific heat by that fraction \viJJ depend linearly on T. 
The exact result for the electronic spec ific heat is 

lf2/lB 4,93/'B, 
c,'{rnole) = 2EF RT = ~ RT 

instead of 

2kB 
Cu(molc) = 2EF RT 

23.3f.2. Electrical Conductivity 

2The CFE model predicted that a ex T- 1/ , whereas at most temperatures (except at 

very low T's) experiments show that a ex T - I , We wiU now show that the quantized 

model yields the correct temperature dependence, 

vVhen an electric field is applied to a solid, the electrons acquire a net drift 

velocity Vd = qrE/m (where r is the collision time and E is the electric field), Eq, 23,12. 

How does this affect the velocity distribution ofthe quantum mechanical electron gas) 

The number ofelectrons with energies between E and E+dE is indicated in Fig, 23-16, 

which is a combination of Fig, 23-13 and Fig. 23-15, The velocities of the electrons 

associated with these energies are completel\' random; that is, there is an equal chance 

of finding a.n electron with a given Vx as with the same velocity in the opposite 

direction-the velocity distribution wiU be symmetric with respect to Vx = 0, This 

distribution can be found from the definition of kinetic energy, which in this case is 

the total energy E, and the density ofstates (Eq, 23.28), Because E = 1/2 Tn v2, El /2 = 

±Jm/2 v and dE = mv dv, Substituting for EI / 2 and for dE into Eq, 23,28 we obtain 

g(v)dvex v2 dv 

The distribution for thex component of v iUustrated in Fig, 23-17, Ifan electric field is 

applied in the -x direction, giving rise to a force on the electrons in the +x directioIl, 

the entire distribution will be shifted toward positive velocities , this is shown in 

Fig, 23-18, The preceding statement implies that all the electrons participate in the 
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~--------------------.----

FIGURE 23-1- x-component of the velocity distribution of the electrons in a solid in the absence 

ofan electric field. 

conduction process: They all acquire some extra energy from the electric field. This 

is surprising in view of what we have said concerning specific heats. In that case, only 

those electrons near Ep could be excited to higher energy levels. In the case of added 

thermal energy, the energy that the electrons acquire is randomly distributed among 

them and the velocity distribution is not shifted as a whole. Electrons in the + side of 

Fig. 22-17 as well as in the - side want to go to higher energy states, that is, higher 

positive velocities if u is positive and more negative velocities ifu is negative. But they 

cannot because those states are already occupied. Only those electrons near the Fermi 

level have unoccupied states nearby in energy. With the application of an electric 

field , instead of thermal energy, the energy from the field offered to the electrons 

is coherent and unidirectional: All m(JVe tlJWard more positive velocities together. Thus, 

there is always a vacant state ready to receive an electron that is changing its state 

under the action of the electric field. The vacant state is created by the simultaneous 

change of the velocity state of another electron. 

Although all the electrons participate in an electric conduction process, it is the 

electrons near EF that determine the scattering time r for all of them. The reason is the 

following. When the electrons are placed in the electric field, they increase their energy 

.. 

.Ii .. . 
J • 

,/ 

u
F 

Fl G l ' RE 2 ., - l J When an external electric field is applied ro me electrons in the solid, the velocity 

diso-ibution of Fig. 23-17 is shifted by an amount equal co me drift velocity Ud in me direction 

opposite to mat of the electric field. 
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The scattel momentarily, then lose it on being scattered by the ions. However, this loss ofenergy is 

random: Not all the electrons lose energy at the same time, because I is a mean distance, 

and the deflection is not in the same direction. Because ofthis, not all the electrons can 

lose their energy on being scattered; only those that have empty lower states available 

to them, that is, only those electrons near EF . Those deep down do not have empty 

lower states available to be scattered into. Do these electrons increase their energy 

indefinitely, as they do not seem to be able to lose it? The answer is no: The electrons 

ahead (higher in energy) prevent them from going to higher energy states. Therefore, 

they can only drift with the same velocity as the electrons near EF. Because the drift 

velocity is proportional to r (see Eq. 23.12) the average scattering time is therefore 

r= - (23.35) 
UF 

where I is the mean free path and UF is the velocity of the electrons at the Fermi level. 

Ifwe use the expression for the electrical conductivity, Eq. 23.14, 

q2Nr 
(J=~- (23.14) 

m 

and substitute for r from Eq. 23.35, we obtain 

(J= 
q2NI 
- - (23.36) 
mUF 

The QMFE model now has a serious problem. As we have seen, EF 3l1d therefore UF 

are essentially temperature independent. It would seem that (J is now also temperature 

independent unless I is a function of T. 
In the CFE model I was basically determined by the position of the ions: In fact, 

we assumed that I was the average interionic separation. A hint that this assumption is 

not correct can be found immediately ifwe calculate I, which is done in Example 23-4. 

EXAMPLE 23-4 

fhe electrical conductivity of Cu at room temperature is 5.9 x 107 S4- 1 m-l. As we 

lave shown earlier, the Fermi energy for copper is 6.95 eV (Example 23-2) and the 

:arrier density N = 8.4 X 1028 electrons/ m3 (Example 23-1). Calculate the mean free 

lath of the electrons. 

Solut ion Write Eq. 23.35 as 

1= UF r (23.37) 

'he Fermi velocity C311 be obtained from the Fermi energy because EF = 1/ 2 mu;' 
19 

UF =. .(2mEF )1/2 = [2 x 6.95eV x 1.6 x 10- J/ev] 1/2 
. 9.1 x 10-31 kg 

= 1.56 X 106 m/sec 
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This is rou, 

The J 

large I and 

taking the 

average intI 

coUiding \\ 

relation th, 

properly dt 

Chapter 12 

be reflected 

is satisfied. 

scattering c 

may under! 

of the most 

electrons w 

but 

therefore 



QUANTUM-MECHANICAL FREE ELECTRON MODEL ( QMFE ) 393 

The scattering time r is obtained from the electrical conductivity. From Eg. 23.14 

(1.6 X 10- 19 C)2(8.4 x 1028 electrons/m 3
) 

= 2.50 X 10-14 sec 

Substituting for r and for Up into Eg. 23.37 we obtain 

l = 1.56 X 106 m/sec x 2.50 x 10-14 sec = 3.90 x 10-8 m 

= 390.11 

Tills is roughly 100 times greater than the imeratomic spacing. 
The resolution of the problems faced by both the QMFE and CFE model, 

large l and the incorrect temperature dependence of the condul.Livity, is found by 

taking the wave nature of the electrons into account. The assumption that l is the 
average interionic separation is fine ifwe consider a model ofsmall marbles (electrons) 

collicling with large stationary objects (ions). vVe know from the de Broglie wave 
relation that the propagation of electrons and other elementary particles Cartnot be 

properly described by a particle model but rather is governed by a wave. We saw in 

Chapter 12 that a wave in a etystallattice undergoes Bragg scattering, that is, it will 

be reflected (constructive interference) if the condition (see Fig. 23-19) 

2d sin e= n).. (12.11) 

is satisfied. If the wavelength is long compared with the crystal spacing, Bragg 
scattering cannot occur. The conduction electrons mllSt be considered as waves that 

may undergo Bragg scattering by the lattice. In copper EF :::::; 7 eV This is the energy 

of the most energetic electrons. Because the de Broglie wavelength is ).. = hlp, these 

electrons will have the smallest wavelength, which is 

but 

2 
EF = PF 

2m 

therefore 

{i
EF= - 

2m).. 2 
F 

/' 

Atomic planes 

I " 

FIGURE 23-19 Bragg reflection 

of electron waves by the atomic 

planes of the solid. 
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and 

h=  - -."....,. 

which is th 
Althe 

A;: 
(2mE;:) 1/ 2 

6.63 X 10-34 J-sec 

(2 x 9.1 x 10-31 kg x 7 eV x 1.6 x 10-19 J/eV) 1/ 2 

AF = 4.65 x 10-10 m = 4,65.1 

The spacing between planes of copper atoms is d = 2.09 A; therefore AF > 2d and 

from Eq. 12.11, sin e > 1. The Bragg condition for constructive reflection cannot 

be satisfied for any angle of incidence. This means that the electron waves in copper 
will not be reflected by the atomic planes but can traverse the crystal lattice without 

being scattered. As a consequence, the electrons would have a mean free path equal 
to the dimensions of the crystalline sample. 

The scattering of electron waves arises because of the deviations in the crystal 

from perfect periodicity: Such deviations include crystal lattice defects, impurities 

and, more important, the vibrations of the ions in the lattice. Except at very low 

temperatures, the main mechanism for the scattering in a pure crystal is the lattice 

vibrations. In the absence of sllch vibrations, the ions constitute a perfect lattice and, 
as we have seen, the mean free path of the electrons would be extremely large. We can 

represent this fact by visualizing the lattice ions as mathematical point particles with 

lero cross-sectional area, through which the electrons can movefreely without being 

;cattered. When the ions begin to vibrate, the lattice ceases to be ideal and now they 
)ffer an effective cross section for scattering. Clearly, the larger the cross-sectional area, 

he greater the chances ofscattering and the shorter the mean free path. The mean path 

ength ofa moving object is inversely proportional to the cross-section ofthe target or 

1 
lex 

rcr2 

!here r, the raclius of a circular target, is r2 =x6 =Y6 (see Fig. 23-20). 
We know from classical physics (Section 10.6) that the total energy ofa vibrating 

bject is E ex (amplitude)2, that is, E ex r2, But the energy of vibration comes as a 

:sult of the increase in temperature and is in fact proportional to the temperature, 

ex kB T. Therefore, 

ld therefore 

I ex T - 1 

om Eq. 23.36, we see that 

y 

;; 

FIGURE 23-20 Scattering croSS

section presemed by a vibrating 
lattice ion to an incoming electron. 
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which is the observed temperature dependence of (J. 

Although we have obtained this result by using a judicious mixture of simple 

wave and kinetic arguments, a more rigorous (and much more complicated) treatment 

based solely on the behavior of electron waves and on the theory oflattice vibrations 

leads to the same conclusion. 

The QMFE model has removed most of the problems that we encountered in 

the CFE model, but neither has answered one of our initial questions: Why do the 

values of (J vary over such a wide range in different types of materials? 

This leads us into the topic of our next chapter: The Band Theory of 

Conduction. 

S UPPLEMENT 23- I: THE WIEDE M ANN -FRANZ LA W 

The CFE model was able to predict Ohm's law. It was also able to explain why 

good electrical conductors are also good thermal conductors (conductors of heat). 

Specifically, an empirical relation, known as the Wiedemann-Franz law, had been 

established in 1853 that relates the electrical and the thermal conductivities 

!!.. =I:T (23 .,33) 
(J 

where 7) is the thermal conductivity (to be defined following), (J the electrical 

conductivity, T the absolute temperature, and I: is called the Lorentz number (a kind 

ofuniversal constant, roughly the same for all materials), which has an average value 
of 2.3 x 10-8 W-Q(K2. 

Let us examine the conduction of heat by electrons in a metal. Consider a thin 

slab, as in Fig. 23-21, of thickness fu:, cross-sectional areaA, and let a temperature 

difference t:,. T = TH - Tc exist across 6.x. Let TH and Tc represent the temperatures 

of the hot and cold sides, respectively. 

Experimentally one observes that heat energy is transferred from the hot to the 

cold side of the slab. Moreover, the heat current ihcat (heat per unit time) is found to 

be proportional to the temperature difference t:,.T between the two sides and to the 

cross-sectional areaA and inversely proportional to the thickness 6.x of the slab. The 

proportionality can be converted to an equality by introducing a constant 7), which is 

called the thermal conductivity of the material. That is, 

Tc A 

As in the case of electrical conduction, we define a heat current density 

FIGURE 23-21 


